Majorana features of neutrinos and SO(3) gauge symmetry of three families enable us to construct a gauge model of neutrino for understanding naturally the observed smallness of neutrino masses and the nearly tri-bimaximal neutrino mixing when combining together with the mechanism of approximate global U(1) family symmetry. The vacuum structure of SO(3) symmetry breaking is found to play an important role. The mixing angle θ 13 and CP-violating phases governed by the vacuum of spontaneous symmetry breaking are in general non-zero and testable experimentally at the allowed sensitivity. The model predicts the existence of vector-like SO(3) triplet charged leptons and vector-like SO(3) triplet Majorana neutrinos as well as SO(3) tri-triplet Higgs bosons, some of them can be light and explored at the colliders LHC and ILC.
The evidence of massive neutrinos strongly indicates new physics beyond the standard model [1] . The dominance of dark matter in our universe challenges the standard models of both particle physics and cosmology. The current neutrino experimental data [2, 3, 4, 5, 6, 7, 8, 9 , 10] can well be described by neutrino oscillations via three neutrino mixings [11, 12, 13] .
The global fit from various experimental data lead to the following constraints on the three mixing angles:
30
• < θ 12 < 38
• , 36
• < θ 23 < 54
• , θ 13 < 10
• and the mass squared differences:
7.2 × 10 −5 eV 2 < ∆m at the 99% confidence level [13] .
The most unclear parameter is the mixing angle θ 13 which is expected to be measured in near future. Phenomenologically, such mixing angles are consistent with the so-called tri-bimaximal mixing with θ 12 = sin −1 (1/ √ 3) = 35
• , θ 23 = sin −1 (1/ √ 2) = 45
• and θ 13 = 0, which was first proposed by Harrison, Perkins and Scott [14] and investigated further by many groups [15, 16, 17, 18] . Great theoretical efforts have been made to obtain such a mixing matrix via imposing various symmetries [19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35] . However, for θ 13 = 0, it is hard to be directly tested experimentally.
Recently, it was shown that the tri-bimaximal neutrino mixing matrix may be yielded as the lowest order approximation from diagonalizing a special symmetric mass matrix for the Dirac-type neutrinos with a new symmetry [36] and the Majorana-type neutrinos with the Z 3 group [37] , where the mixing angle θ 13 is in general non-zero and can be at the experimentally allowed sensitivity. Nevertheless, in comparison with the quark sector, one still faces a puzzle that why neutrino masses are so tiny, but their mixings are so large. It is known that the only peculiar property for neutrinos is that they could be Majorana fermions. It is then natural to conjecture that a solution to the puzzle is most likely attributed to the Majorana features. Thus revealing the origin of large mixing angles and small masses of neutrinos is important not only for understanding neutrino physics, but also for exploring new physics beyond the standard model.
The greatest success of the standard model (SM) is the gauge symmetry structure
which has been tested by more and more precise experiments. As a simple extension of the standard model with three families and Majorana neutrinos, we are going to consider in this note a non-abelian gauge family symmetry SO(3) instead of discrete symmetries discussed widely in literature. It is noted that only SO(3) rather than SU(3) is allowed due to the Majorana feature of neutrinos. In fact, it was shown that SO(3) family symmetry can easily explain the maximal mixing between muon-neutrino and tau-neutrino,
i.e., θ 23 = 45
• and nearly degenerate neutrino masses [38, 39, 40, 41, 42, 43, 44] , it can also lead to a nearly bi-maximal neutrino mixing (based on the early data) relying on the SO (3) triplet scalar fields and the symmetry breaking scenarios of SO(3) symmetry [45, 46, 47] . As the current experimental data favor a nearly tri-bimaximal mixing, we shall construct in this note an alternative model with gauge symmetry 
with y ν , y e , y N , ξ e , ξ N and ξ E being the real Yukawa coupling constants. M R is the mass of right-handed Majorana neutrinos. All the fermions ν Li , ν Ri , e Li , e Ri , E i and N i (i = 1, 2, 3)
belong to SO(3) triplets in family space. 
Namely Φ ν is a real symmetric tri-triplet Higgs boson and contains six independent scalar fields, Φ e is an Hermitian tri-triplet Higgs boson and contains nine independent scalar fields.
With the above fields, the Lagrangian in eq. (1) is the most general one ensured by the following discrete symmetry (Z 2 and Z 4 )
We now discuss the interesting features of SO (3) gauge symmetry. In terms of SO (3) representation, one can reexpress the real symmetric tri-triplet Higgs boson into the following general form
with λ i (i = 1, 2, 3) being the generators of SO(3). Where Θ ν i (x) (i = 1, 2, 3) may be regarded as three rotational scalar fields of SO (3), and φ ν i (x) (i = 1, 2, 3) are the remaining three independent scalar fields.
The non-trivial structure of φ ν (x) is a unique property of the cyclic Abelian finite group Z 3 for a real symmetric matrix with three independent elements. A detailed discussion on the properties of Z 3 group can be found in ref. [37] . The explicit three dimensional unitary representation of Z 3 = {t i } (i = 1, 2, 3) is given by
which is the only nontrivial invariant subgroup of the non-Abelian symmetric group S 3 = {t i , T i } (i = 1, 2, 3) with
It is easy to check that the non-trivial structure of φ ν (x) belongs to the coset space of the symmetric group S 3 with Z 3 as the subgroup, i.e., φ ν (x) ∈ S 3 /Z 3 . To be more explicit, the symmetric scalar field φ ν (x) with three independent components can be expressed in terms of the group representation {T i |i = 1, 2, 3} ∈ S 3 /Z 3 as the follows
which is in a cyclic permuted form [φ ν (x)] ij = φ 
whereΦ e = O T ν Φ e O ν remains Hermitian and contains nine independent scalar fields. Note that the resulting Lagrangian with such a gauge fixing is invariant under Z 3 transformation.
The Hermitian SO(3) tri-triplet scalar fieldΦ e (x) can generally be reexpressed in terms of SO(3) representation as the following form
and
where χ e i (x) (i = 1, 2, 3) are regarded as three rotational scalar fields of SO (3), η e i (x) (i = 1, 2, 3) denote three phase scalar fields and φ e i (x) (i = 1, 2, 3) are the remaining three independent scalar fields.
When all the scalar fields evaluate their vacuum expectation values, both SO(3) and SU L (2) gauge symmetries and the discrete symmetries are broken down spontaneously. Let us take the previously given gauge fixing condition and consider the following general vacuum structure of scalar fields
< φ 
Where δ With such a vacuum structure after spontaneous symmetry breaking, the mass matrix of neutrinos and charged leptons are given by the following generalized see-saw mechanism
with
V e =< U e >= P 
and 
which implies that the resulting Yukawa interactions in this limit generate additional global U(1) family symmetries for the charged lepton sector. Namely, once the Majorana neutrinos become very heavy, the Yukawa interactions possess approximate global U(1) family symmetries.
When applying the mechanism of approximate global U(1) family symmetries [48, 49, 50] to the Yukawa interactions after SO(3) symmetry is broken down spontaneously, we arrive at the following conditions
Namely
which provides a possible explanation why the observed left-handed neutrinos are so light and meanwhile the charged lepton mixing angles must be small. With the above conditions, the neutrino mass matrix (eq. (13)) is given by a type II like see-saw mechanism and the charged lepton mass matrix (eq. (14)) is also presented by a generalized see-saw mechanism.
By diagonalizing the mass matrices, we have
where
Here V 0 is the so-called tri-bimaximal mixing matrix [14] . For short, we have introduced the notations c ν ≡ cos θ ν and s ν ≡ sin θ ν with
As a consequence, the leptonic CKM-type mixing matrix in the mass eigenstates of leptons is given by 
The three vector-like heavy Majorana neutrino masses are obtained via diagonalizing the
Note that the minus sign in m 
With the above analysis, it enables us from the experimentally measured neutrino mass squire differences to extract two mass parameters m 0 and m 1 for a given value of parameter ∆ with ∆ = 1 [51] . To be explicit, in terms of the parameter∆ and the neutrino mass squire differences, we obtain the following relations
For a numerical calculation, we now present the light neutrino masses as func- (41) Here the definition of phase δ ν is, by convention, more useful for discussing CP violation in neutrino sector. It is seen that to completely determine the mixing angle θ 13 and the CP-violating phase δ ν , one needs to know the charged lepton mixing angles s 
Here the Case I ignores the charged lepton mixing angles for the simplicity of analysis.
The Case II is a typical case for the small charged lepton mixing with assuming a maximal CP-violating phase (δ e 1 − δ e 2 ) = π/2. Though we are not able to precisely predict the mixing angle θ 13 and the CP-violating phase δ ν , while from the two typical cases, it allows us to present a reasonable estimation for θ 13 and δ ν (see table 2). Table 2 ∆ (input) r = v From the above analysis, it is seen that as a reasonable consideration that v
, one only needs to take the parameter ∆ to be slightly away from its maximal value ∆ = 0.75. Numerically, taking ∆ ≃ 0.72 ± 0.028, we then arrive at the most optimistic predictions for the mixing angle θ 13 and CP-violating phase δ ν
which can be tested in the future experiments. It is seen that the resulting value for the ratio r = v 
which shows that the vector-like Majorana neutrino masses can be at the electroweak scale in this case. In general, their masses can be expected to be much smaller if the discrete symmetry imposed in eq. (3) is only softly broken.
The masses for the vector-like charged leptons and their relations to the SM charged leptons are given as follows bounds. In particular, the mechanism discussed in this note can be extended to the quark sector for understanding the smallness of quark mixing angles, which will be investigated elsewhere.
